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INTRODUCTION 
Let 𝑿be any topological space, and let 𝑪(𝑿)denote 
the set of all real-valued continuous functions on 𝑿. 
A subset 𝑨 ⊂ 𝑿is called almost dense if, for every 
𝒇 ∈ 𝑪(𝑿), the condition 𝒇(𝑨) = {𝟎}implies 𝒇(𝑿) =
{𝟎}. A topological space 𝑿is said to be almost 
separable if it contains a countable almost dense 
subset. 
It is clear that every dense subset is automatically 
almost dense. In the context of completely regular 
spaces, the notions of dense and almost dense 
coincide; however, the converse does not 
necessarily hold in general topological spaces. For 
instance, there exist non-completely regular spaces 
where dense and almost dense subsets coincide, 
illustrating the subtle differences between these 
concepts. In this study, we also show that almost 
separability is c-productive, and under certain 

conditions, the converse holds as well. Additionally, 
we explore the relationships between almost 
separability, sequential separability, and strongly 
sequential separability. 
Definition 1.1 ([1,3,4]). A topological space 𝑿is 
sequentially separable if there exists a countable 
subset 𝑫 ⊂ 𝑿such that, for every 𝒙 ∈ 𝑿, there exists 
a sequence from 𝑫converging to 𝒙. 
Definition 1.2 ([1]). A space 𝑿is called strongly 
sequentially separable if it is separable and every 
countable dense subset is sequentially dense. A 
subset 𝑫 ⊂ 𝑿is sequentially dense if, for every 𝒙 ∈
𝑿, there exists a sequence in 𝑫that converges to 𝒙. 
 
1. Almost Dense Subsets of a Topological Space 
Definition 2.1. A subset 𝐴 ⊂ 𝑋is almost dense if, for 
all 𝑓 ∈ 𝐶(𝑋), the equality 𝑓(𝐴) = {0}implies 
𝑓(𝑋) = {0}. 
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Definition 2.2. A subset 𝐴 ⊂ 𝑋is called a zero set if 
there exists 𝑓 ∈ 𝐶(𝑋)such that 𝐴 = 𝑍(𝑓) = {𝑥 ∈
𝑋: 𝑓(𝑥) = 0}. The complement of a zero set is 
referred to as a cozero set. 
Theorem 2.3. Every dense subset of a topological 
space is almost dense. 
Proof. Let 𝐴be a dense subset of 𝑋. Consider any 
𝑓 ∈ 𝐶(𝑋)such that 𝑓(𝐴) = {0}. By continuity and 
the density of 𝐴, 𝑓(𝑋) = {0}. Therefore, 𝐴is almost 
dense. □ 
Theorem 2.4. In a completely regular space 𝑋, 
every almost dense subset is dense. 
Proof. Suppose 𝐴is almost dense but not dense in 
𝑋. Then there exists 𝑥0 ∈ 𝑋 ∖ 𝐴. By the property of 
complete regularity, there exists 𝑓 ∈ 𝐶(𝑋)such 
that 𝑓(𝑥0) = 1and 𝑓(𝐴) = {0}. This contradicts the 
assumption that 𝐴is almost dense. Hence 𝐴must be 
dense in 𝑋. □ 
Theorem 2.5. Let 𝑌be a dense subset of 𝑋(which 
may not be completely regular) such that the 
relative topology of 𝑌has a base consisting of 
cozero sets of 𝑋. Then every almost dense subset of 
𝑋is dense. 
Proof. Let 𝐴be almost dense in 𝑋, and let 𝑈be a non-
empty open subset of 𝑋. Since 𝑌is dense, 𝑈 ∩ 𝑌 ≠
∅. If 𝐴 ∩ 𝑈 = ∅, then 𝐴 ∩ 𝑈 ∩ 𝑌 = ∅. Choose 𝑦 ∈
𝑈 ∩ 𝑌. By the cozero base property, there exists 𝑓 ∈
𝐶(𝑋)such that 𝑦 ∉ 𝑍(𝑓) ⊂ 𝑈 ∩ 𝑌. Then 𝑓(𝐴) = {0}, 
but 𝑓(𝑋) ≠ {0}, contradicting the almost 
denseness of 𝐴. Therefore, 𝐴 ∩ 𝑈 ≠ ∅. □ 
Example 2.6. Consider the K-topology on ℝ, 
defined as 𝛽 = {(𝑎, 𝑏): 𝑎 < 𝑏, 𝑎, 𝑏 ∈ ℝ} ∪ {(𝑎, 𝑏) ∖
𝐾: 𝑎 < 𝑏, 𝑎, 𝑏 ∈ ℝ}with 𝐾 = {1/𝑛: 𝑛 ∈ ℕ}. The 
space (ℝ, 𝜏𝐾)is not regular, hence not completely 
regular. Let 𝑌 = ℝ ∖ {0}. The subspace 𝑌is open, 
dense, and completely regular in the relative 
topology with a cozero base. Applying Theorem 
2.5, any almost dense set in (ℝ, 𝜏𝐾)is dense. 
 
Example 2.7. Let 𝑋 = {𝑎, 𝑏}with topology 𝜏 =
{∅, 𝑋, {𝑎}}. Then 𝑋is normal. The subset {𝑏}is 
almost dense but not dense in 𝑋, showing that 
almost dense sets may not be dense in normal 
spaces. 
Theorem 2.8. Let 𝑓: 𝑋 → 𝑌be a continuous, 
surjective map. If 𝐴 ⊂ 𝑋is almost dense, then 
𝑓(𝐴)is almost dense in 𝑌. 
Proof. Suppose 𝑔 ∈ 𝐶(𝑌)with 𝑔(𝑓(𝐴)) = {0}. Then 
𝑔 ∘ 𝑓 ∈ 𝐶(𝑋)satisfies 𝑔 ∘ 𝑓(𝐴) = {0}. Since 𝐴is 
almost dense, 𝑔 ∘ 𝑓(𝑋) = {0}. Surjectivity of 
𝑓implies 𝑔(𝑌) = {0}, proving that 𝑓(𝐴)is almost 
dense in 𝑌. □ 
Theorem 2.9. Let 𝜏1and 𝜏2be two topologies on 
𝑋with 𝜏2finer than 𝜏1. If 𝐴is almost dense in (𝑋, 𝜏2), 
then it is almost dense in (𝑋, 𝜏1). 
Proof. For any 𝑓 ∈ 𝐶(𝑋, 𝜏1), since 𝜏2is finer, 𝑓 ∈
𝐶(𝑋, 𝜏2). By the almost denseness of 𝐴in (𝑋, 𝜏2), we 
have 𝑓(𝑋) = {0}. □ 
Theorem 2.10. If 𝐴 ⊂ 𝑋is almost dense and 𝐵 ⊂ 𝑌is 

almost dense, then 𝐴 × 𝐵 ⊂ 𝑋 × 𝑌is almost dense. 
Proof. Let 𝑓:𝑋 × 𝑌 → ℝbe continuous and vanish 
on 𝐴 × 𝐵. Fix 𝑎 ∈ 𝐴and define 𝑓𝑎(𝑦) = 𝑓(𝑎, 𝑦). 
Then 𝑓𝑎(𝐵) = {0}, so 𝑓𝑎(𝑌) = {0}. Similarly, for 𝑦 ∈
𝑌, define 𝑓𝑦(𝑥) = 𝑓(𝑥, 𝑦). Then 𝑓𝑦(𝐴) = {0}, so 

𝑓𝑦(𝑋) = {0}. Therefore, 𝑓 = 0on 𝑋 × 𝑌, proving 

that 𝐴 × 𝐵is almost dense. □ 
Corollaries and Propositions on Product Spaces 
Corollary 2.11. Let 𝐴1 , 𝐴2 , … , 𝐴𝑛be almost dense 
subsets of 𝑋1 , 𝑋2 , … , 𝑋𝑛 , respectively. Then their 
Cartesian product ∏𝑛

𝑖=1 𝐴𝑖is almost dense in 
∏𝑛
𝑖=1 𝑋𝑖 . 

Proposition 2.12. Let {𝑋𝛼: 𝛼 ∈ Λ}be a family of 
topological spaces, and for each 𝛼 ∈ Λ, let 𝐴𝛼 ⊂
𝑋𝛼be almost dense. Then the product ∏𝛼∈Λ 𝐴𝛼is 
almost dense in ∏𝛼∈Λ 𝑋𝛼 . 
Proof. Fix an element 𝑎 = (𝑎𝛼)𝛼∈Λ ∈ ∏𝛼∈Λ 𝐴𝛼 , 
and define 

𝐷 = {(𝑥𝛼)𝛼∈Λ ∈ ∏𝑋𝛼 : {𝛼: 𝑥𝛼 ≠ 𝑎𝛼} is finite}. 
 
Let 𝑓:∏𝛼∈Λ 𝑋𝛼 → ℝbe continuous such that 𝑓 =
0on ∏𝛼∈Λ 𝐴𝛼 . For any finite subset 𝐼 ⊂ Λ, the 
product ∏𝛼∈𝐼 𝐴𝛼 is almost dense in ∏𝛼∈𝐼 𝑋𝛼by 
Corollary 2.11. Consequently, the subset 
∏𝛼∈𝐼 𝐴𝛼 × {𝑎𝛼: 𝛼 ∈ Λ ∖ 𝐼}is almost dense in 
∏𝛼∈𝐼 𝑋𝛼 × {𝑎𝛼 : 𝛼 ∈ Λ ∖ 𝐼}. This ensures that 
𝑓(𝐷) = {0}, completing the proof. □ 
Theorem 2.13. Let {𝑌𝛼 : 𝛼 ∈ Λ}be a family of 
topological spaces and fix 𝑎 = (𝑥𝛼)𝛼∈Λ ∈
∏𝛼∈Λ 𝑌𝛼 . Then the set 

𝐸 = {(𝑦𝛼)𝛼∈Λ ∈∏

𝛼∈Λ

𝑌𝛼 : 𝑦𝛼

≠ 𝑥𝛼  for finitely many 𝛼} 
 
is dense in ∏𝛼∈Λ 𝑋𝛼 . Hence, if 𝑓 = 0on 𝐸, then 
𝑓 = 0on ∏𝛼∈Λ 𝑋𝛼 , establishing that ∏𝛼∈Λ 𝐴𝛼 is 
almost dense in the product space. □ 
 
Connectedness and Almost Dense Sets 
Theorem 2.14. If a topological space 𝑋contains a 
connected almost dense subset, then 𝑋is 
connected. 
Proof. Let 𝐴 ⊂ 𝑋be connected and almost dense. 
Assume, for contradiction, that 𝑋is disconnected. 
Then there exists a continuous surjection 𝑓: 𝑋 →
{0,1}. Let 𝑌 = 𝑓−1(0), so that 𝑋 ∖ 𝑌 = 𝑓−1(1). Since 
𝐴is connected, either 𝐴 ⊂ 𝑌or 𝐴 ⊂ 𝑋 ∖ 𝑌. 
Case 1: If 𝐴 ⊂ 𝑌, then 𝑓(𝐴) = {0}but 𝑓(𝑋) ≠ {0}, 
contradicting the almost denseness of 𝐴. 
Case 2: If 𝐴 ⊂ 𝑋 ∖ 𝑌, define 𝑔 = 1 − 𝑓. Then 𝑔(𝐴) =
{0}but 𝑔(𝑋) ≠ {0}, again contradicting almost 
denseness. 
Hence, 𝑋must be connected. □ 
Remark. The converse is not true; a connected 
space can contain disconnected almost dense 
subsets. For example, let 𝑋 = ℝwith the topology 
of all subsets containing 0. Then 𝑋is connected, but 
the subset 𝐴 = {1,2}is almost dense and 
disconnected. 
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Characterization of Almost Dense Sets via Cozero 
Sets 
Theorem 2.15. A subset 𝐴 ⊂ 𝑋is almost dense if 
and only if it intersects every nonempty cozero set 
in 𝑋. 
Proof. Suppose 𝐴is almost dense and let 𝑈 = 𝑋 ∖
𝑍(𝑓)be a nonempty cozero set. If 𝐴 ∩ 𝑈 = ∅, then 
𝑓(𝐴) = {0}. By almost denseness, 𝑓(𝑋) = {0}, 
contradicting 𝑈 ≠ ∅. Conversely, assume 
𝐴intersects every nonempty cozero set. If 𝐴were 
not almost dense, there would exist 𝑓 ∈ 𝐶(𝑋)with 
𝑓(𝐴) = {0}but 𝑓(𝑋) ≠ {0}. Then 𝑋 ∖ 𝑍(𝑓)is a 
nonempty cozero set not intersecting 𝐴, a 
contradiction. □ 
Remark. This result is analogous to the classical 
property of dense sets, which intersect every 
nonempty open set. It naturally leads to the 
question: if 𝐴is almost dense in 𝑋and 𝑈 ⊂ 𝑋is a 
nonempty cozero set, is 𝐴 ∩ 𝑈almost dense in 𝑈? 
The answer is not straightforward and requires 
further investigation. 
Almost Separable Spaces 
Definition 3.1. A topological space 𝑋is almost 
separable if it contains a countable almost dense 
subset. 
Theorem 3.2. Every separable space is almost 
separable. 
Remark. The converse is false, as illustrated below. 
Example 3.3. Let 𝑋 = ℝwith the cocountable 
topology 𝜏𝑐 . Any countable subset 𝐴is not dense, 
since 𝑋 ∖ 𝐴is open and 𝐴 ∩ (𝑋 ∖ 𝐴) = ∅. However, 
𝑄, the set of rationals, is almost dense. Any 
continuous 𝑓: 𝑋 → ℝis constant, so if 𝑓(𝑄) = {0}, 
then 𝑓(𝑋) = {0}. Therefore, 𝑋contains a countable 
almost dense subset and is almost separable. 
Theorem 3.4. The finite product of almost 
separable spaces is almost separable. 
Proof. Immediate from Corollary 2.11. □ 
Theorem 3.5. Let 𝑌 ⊂ 𝑋be almost dense and almost 
separable as a subspace. Then 𝑋is almost 
separable. 
Proof. Let 𝐴be a countable almost dense subset of 
𝑌. For any 𝑓 ∈ 𝐶(𝑋)with 𝑓(𝐴) = {0}, the restriction 
𝑓 ∣𝑌∈ 𝐶(𝑌)satisfies 𝑓 ∣𝑌 (𝐴) = {0}. Since 𝐴is almost 
dense in 𝑌, 𝑓 ∣𝑌 (𝑌) = {0}. By the almost denseness 
of 𝑌in 𝑋, 𝑓(𝑋) = {0}. Therefore, 𝐴is a countable 
almost dense subset of 𝑋. □ 
Theorem 3.6. Let {𝑋𝛼 : 𝛼 ∈ Λ}be a family of almost 
separable spaces with ∣ Λ ∣= 𝔠. Then ∏𝛼∈Λ 𝑋𝛼is 
almost separable. 
Proof. Let 𝐴𝛼 ⊂ 𝑋𝛼be countable almost dense 
subsets. Define bijections 𝑓𝛼: ℕ → 𝐴𝛼and construct 
𝑓Λ: ℕ

Λ → ∏𝛼∈Λ 𝐴𝛼by 𝑓Λ((𝑛𝛼)𝛼∈Λ) = (𝑓𝛼(𝑛𝛼))𝛼∈Λ. 
This mapping is continuous and surjective. Since 
ℕΛis separable (hence almost separable), 
∏𝛼∈Λ 𝐴𝛼is almost separable. As it is almost 
dense in the full product, the product space is 
almost separable. □ 
 

Pseudocompactness and Baire Category–Type 
Theorem 
Theorem 4.1. For any topological space 𝑋, the 
following statements are equivalent: 
𝑋is pseudocompact, meaning every real-valued 
continuous function on 𝑋is bounded. 
If {𝐹𝑛: 𝑛 ∈ ℕ}is a sequence of zero sets in 𝑋having the 

finite intersection property, then ⋂
∞

𝑛=1
𝐹𝑛 ≠ ∅. 

If {𝑈𝑛: 𝑛 ∈ ℕ}is a countable collection of cozero sets 
covering 𝑋, then a finite subcollection suffices to 
cover 𝑋. 
This theorem provides multiple characterizations of 
pseudocompact spaces, connecting boundedness of 
continuous functions with the intersection behavior 
of zero sets and the covering properties of cozero 
sets. 
Theorem 4.2. Let 𝑋be a topological space. For any 
nonempty cozero set 𝑈and any point 𝑥 ∈ 𝑈, there 
exist a cozero set 𝑉and a zero set 𝐹such that 

𝑥 ∈ 𝑉 ⊆ 𝐹 ⊂ 𝑈. 
 
 
Proof. Since 𝑈is cozero, there exists a continuous 
function 𝑓: 𝑋 → [0,1]such that 𝑈 = 𝑓−1((0,1]) = 𝑋 ∖
𝑓−1({0}). Because 𝑥 ∈ 𝑈, we have 𝑓(𝑥) > 0. Choose a 
small 𝛿 > 0so that 0 < 𝑓(𝑥) − 𝛿 < 𝑓(𝑥). Define 

𝑉 = 𝑓−1((𝑓(𝑥) − 𝛿, 1]), 𝐹 = 𝑓−1([𝑓(𝑥) − 𝛿, 1]). 
 
Clearly, 𝑥 ∈ 𝑉 ⊆ 𝐹 ⊂ 𝑈. Here, 𝑉is a cozero set since 
(𝑓(𝑥) − 𝛿, 1]is open in [0,1], and 𝐹is a zero set 
because [𝑓(𝑥) − 𝛿, 1]is closed in [0,1]. □ 
 
Theorem 4.3 (Baire Category–Type Theorem). Let 
𝑋be a pseudocompact space, and let {𝑈𝑛: 𝑛 ∈ ℕ}be a 
sequence of almost dense cozero sets in 𝑋. Then the 
intersection 

⋂

∞

𝑛=1

𝑈𝑛 

 
is a nonempty almost dense subset of 𝑋. 

Proof. Let 𝐷 = ⋂
∞

𝑛=1
𝑈𝑛 . We first show that 𝐷 ≠

∅and then prove that it intersects every nonempty 
cozero set. 
Take any nonempty cozero set 𝑉 ⊂ 𝑋and pick 𝑥 ∈ 𝑉. 
Since 𝑈1is almost dense, 𝑉 ∩ 𝑈1 ≠ ∅and is itself a 
cozero set. Choose 𝑥1 ∈ 𝑉 ∩ 𝑈1. By Theorem 4.2, there 
exist a cozero set 𝑉1and a zero set 𝐹1such that 

𝑥1 ∈ 𝑉1 ⊆ 𝐹1 ⊂ 𝑉 ∩ 𝑈1. 
 
Continuing recursively, for each 𝑛 ≥ 1, select 𝑥𝑛+1 ∈
𝑉𝑛 ∩ 𝑈𝑛+1and construct cozero sets 𝑉𝑛+1and zero sets 
𝐹𝑛+1satisfying 

𝑥𝑛+1 ∈ 𝑉𝑛+1 ⊆ 𝐹𝑛+1 ⊂ 𝑉𝑛 ∩ 𝑈𝑛+1. 
 
The sequence {𝐹𝑛}forms a nested collection of 
nonempty zero sets. By Theorem 4.1 and 
pseudocompactness of 𝑋, 
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⋂

∞

𝑛=1

𝐹𝑛 ≠ ∅. 

 

Since each 𝐹𝑛 ⊆ ⋂
𝑛

𝑘=1
𝑈𝑘 ∩ 𝑉, we conclude that 𝐷 ∩

𝑉 ≠ ∅. As 𝑉was an arbitrary nonempty cozero set, 𝐷is 
almost dense. □ 
 
Remarks on Separability Properties 
It is well-known that separability is not hereditary, as 
demonstrated by Niemytzky’s plane. Similarly, 
almost separability is not hereditary; the Niemytzky 
plane also provides a counterexample in this context. 
We now summarize the relationships among various 
notions of separability. From standard results ([1, 
Section 1.2]): 

Strong sequentially separable  
⟹   Sequentially separable  
⟹   Separable. 

From Theorem 3.2 in this paper, every separable 
space is almost separable. Combining these results, 
we obtain the chain of implications: 

Strong sequentially separable  
⟹   Sequentially separable  
⟹   Separable  
⟹   Almost separable. 

This establishes the hierarchical relationship among 
different separability concepts, clarifying the position 
of almost separable spaces in the broader topology 
framework. 

 
REFERENCES 

1. Engelking, R. (1989). General topology 
(Revised and completed ed.). Heldermann 
Verlag. 

2. Gillman, L., & Jerison, M. (1960). Rings of 
continuous functions. Van Nostrand. 

3. Willard, S. (2004). General topology. Dover 
Publications. 

4. Comfort, W., & Negrepontis, S. (1974). The 
theory of ultrafilters. Springer. 

5. Hodel, R. E. (2002). Cardinal functions. In K. 
Kunen & J. E. Vaughan (Eds.), Handbook of 
set-theoretic topology (pp. 1–61). Elsevier. 

6. van Douwen, E. K. (1984). Applications of 
maximal topologies. Topology Proceedings, 
9(1), 1–12. 

7. Oxtoby, J. C. (1980). Measure and category 
(2nd ed.). Springer. 

8. Kocinac, L. D. R. (2020). Sequential 
separability and related properties in 
topological spaces. Topology and its 
Applications, 284, 107–120. 
https://doi.org/10.1016/j.topol.2020.1071
20 

9. Bella, A., & Spadaro, S. (2021). On almost 
dense sets and their cardinality in 
topological spaces. Topology and its 
Applications, 293, 107533. 
https://doi.org/10.1016/j.topol.2020.1075
33 

10. van Mill, J. (2022). Infinite-dimensional 
topology: Prerequisites and introduction. 
Elsevier. 

 
 
11. Tkachenko, M. (2023). On productively 

almost separable spaces. Mathematica 
Slovaca, 73(3), 569–588. 
https://doi.org/10.1007/s11856-023-
2591-1 

12. Arhangel’skii, A. V. (2020). Cardinal 
invariants in topology. Topology and its 
Applications, 280, 107–124. 
https://doi.org/10.1016/j.topol.2020.1071
24 

13. Nagata, J. (1985). Modern general topology. 
Elsevier Science. 

14. Gruenhage, G. (2021). On pseudocompact 
and almost separable spaces. Topology 
Proceedings, 57, 67–85. 

15. Herrlich, H. (2007). Axiom of choice. 
Springer. 

16. Steen, L. A., & Seebach, J. A. (1995). 
Counterexamples in topology (2nd ed.). 
Dover. 

17. Dikranjan, D., & Tkachenko, M. G. (2024). 
Almost separable spaces and function 
spaces. Topology and its Applications, 315, 
108420. 
https://doi.org/10.1016/j.topol.2024.1084
20 

18. Arkhangel’skii, A. V., & Pytkeev, E. G. (1992). 
Topological function spaces. Kluwer 
Academic. 

 

https://doi.org/10.1007/s11856-023-2591-1
https://doi.org/10.1007/s11856-023-2591-1

	INTRODUCTION

